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In magnetic superconductors the magnetic flux dynamics is influenced by the interaction of vortices with the magnetization. This interaction leads to the appearance of an additional damping force acting on the vortices. By solving the London and Landau-Lifshitz-Gilbert equations we analyze the ac and dc responses of a ferromagnetic superconductor in the mixed state. If the vortices are driven by an ac force, their viscosity is enhanced due to the generation of magnons. This viscosity enhancement affects the surface impedance of the sample. In the case of a dc driving current vortices start to radiate magnons when their velocity exceeds a threshold value. As a result, either a step-like feature or a series of peaks appear on the I-V curve.
Within the last 13 years the coexistence of ferromagnetism and superconductivity has been discovered in several compounds [1] : UGe 2 [2] (with a superconducting transition temperature T c = 0.7 K), URhGe [3] (T c = 0.25 K), UCoGe [4] [5] [6] (T c = 0.8 K), and doped EuFe 2 As 2 [7] (T c = 25 K). These compounds offer a unique possibility to study the interplay between superconductivity and ferromagnetism in the bulk. A manifestation of this interplay is the modification of the spin wave (magnon) spectrum by the superconductivity. This effect has been investigated theoretically by Buzdin in the case of superconducting antiferromagnet [8] . For a ferromagnetic superconductor in the Meissner state, different types of spin waves have been previously analyzed, including bulk magnons [9, 10] , domain wall waves [11] and surface waves [12] .
Experimental evidence of the incomplete Meissner effect in the ferromagnetic superconductors [3, 4, 6] suggests that they exhibit a spontaneous vortex state even in the absence of an external magnetic field. So far only two papers have addressed the magnon spectrum in the mixed state of a ferromagnetic superconductor [13, 14] . Ng and Varma [13] studied long-wavelength magnons: then, the Abrikosov vortex lattice can be treated within the continuous medium approximations. In the limit of short wavelengths [14] , the magnon spectrum acquires a Bloch-like band structure due to the Bragg scattering on the vortex lattice.
The reverse influence of magnetism on vortex dynamics has been considered by Bulaevskii et al. in a series of papers [15] [16] [17] [18] [19] . It has been demonstrated theoretically that magnons can be excited by moving vortices [15] [16] [17] (then, the magnon spectrum can be extracted from the current-voltage characteristics at different values of the applied magnetic field), and in systems with slow relaxation of the magnetization a polaronic mechanism of selfinduced vortex pinning exists [18, 19] . Finally, it has been shown, using numeric simulations, that moving vortices should create domain walls in magnetic materials with a sufficiently large relaxation time of the magnetic moments [20] .
The preceding papers [15] [16] [17] [18] [19] mainly concentrated on flux dynamics in superconducting antiferromagnets. In the present paper we analyze the influence of the vortex-magnetic moment interaction on the microwave and dc responses of a ferromagnetic superconductor in the mixed state (the Meissner state has been considered in [9, 10] ).
A possible geometry for the experimental study of the microwave response of a ferromagnetic superconductor is shown in Fig. 1 . Here, the surface impedance of the sample is measured. We assume that the vortices are perpendicular to the sample surface. It will be important for us that the magnetic field h e of the probing electromagnetic wave be parallel to the magnetization easy axis (directed along the vector M 0 ), so that magnon modes propagating along the z-axis are not excited (see Refs. [9, 10, 14] ). Then, in a wide range of parameters the following simple expression for the surface impedance is valid [21] :
where x is the frequency of the probing field, l is the static differential magnetic permeability, B 0 is the internal magnetic field, U 0 is the flux quantum, g is the vortex viscosity due to order parameter relaxation processes and normal current flowing through the vortex core [22] , and g M is a complex contribution to the viscosity originating from the interaction of vortices with the magnetization. In the present work the quantity g M has been calculated by solving the phenomenological Landau-Lifshitz-Gilbert and London equations. In the London approximation the free energy of the ferromagnetic superconductor can be taken in the form [23] 
Here k is the London penetration depth, A is the vector potential, h S is the superconducting order parameter phase, M is the magnetization, and a is a constant characterizing the exchange interaction.
The U-based ferromagnetic superconductors have a strong easyaxis magnetocrystalline anisotropy, which is accounted for by the term KM 2 ? =2, where K ) 1 is an anisotropy constant, M ? ¼ M À ðe Á MÞe, and e is a unit vector along the anisotropy axis. Within the London theory, the vector potential should be determined from the equation dF=dA ¼ 0.
For simplicity, we assume that the Abrikosov vortices are straight and aligned along the z-axis, which makes an angle h with the magnetization easy axis. The vortices may form a regular or disordered lattice. When the vortices are set in motion by an external current, the time-dependent magnetic field induces magnetization fluctuations, which can be described using the Landau-Lifshitz-Gilbert equation [24] @M @t
where c is the gyromagnetic ratio and m is a dissipation constant.
In our model the magnetic moment induced force acting on a unit length of a vortex is
where N v is the number of vortices, h z is the z-component of the vortex field, and integration is over the xy-plane. Note that f M is the force averaged over all vortices. If the vortices are driven by a harmonic transport current, in the linear regime f M can be written as
where _ R is the amplitude of the vortex velocity oscillations. Eqs. (5) gives the definition of the viscosity coefficient g M entering Eq. (1).
For sufficiently clean samples, when the vortices form an almost ideal lattice, we obtained
where summation is over all vectors G of the reciprocal lattice,
2 Þ is the magnon spectrum, x F ¼ cMK is the ferromagnetic resonance frequency, and L ¼ ffiffiffiffiffiffiffiffiffi For a sample with randomly pinned vortices we obtained the expression For this case the g M vs. x dependence is depicted in Fig. 3 .
If the frequency of the driving current is low, or its amplitude is large, the vortex response is essentially non-linear. We determined this response in the strongly non-linear regime, when the sample is biased by a dc current. In the case of an ideal vortex lattice, the magnetic moment induced damping force is
where V L is the flux velocity. Eq. (8) has two important consequences. First, the force has local maxima when for some vector
The resonances should lead to the appearance of peaks on the current-voltage characteristics at electric fields E satisfying xðG 0 Þ À c=B 0 ðz 0 Â G 0 ÞE % 0. Measurements of the peak voltages at different applied magnetic fields allow to determine the magnon spectrum of the ferromagnetic superconductor. Second, it can be seen from Eq. (8) that f M is generally not parallel to the flux velocity V L . It follows from this that the vortex-magnetic moment interaction gives an anisotropic contribution to the flux-flow conductivity. Finally, we considered the case of a disordered vortex lattice, which may appear in relatively weak magnetic field,
in the presence of pinning centers. Within the approximation of randomly placed vortices we obtained the relation
for k ) L. Here V th ¼ 2x F L is the magnon generation threshold velocity. The main consequence of Eq. (9) is that on the I-V-curve a step-like increase of the current should be observable at the electric field E ¼ V th B 0 =c. Within the last decade significant progress has been made in the fabrication and characterization of ferromagnet/superconductor (FS) superlattices -see Ref. [25] and references therein. Our results can be also applied to such structures provided that the Abrikosov vortices (which are now stacks of pancakes) are oriented strictly perpendicular to the layers and the period of the structure d is much smaller than all characteristic in-plane length scales, which are typically the inter-vortex distance and the domain wall thickness L of the magnetic layers. To obtain the correct expressions for f M in the FS multilayers two substitutions should be made in Eqs. (6)- (9) . First, the force f M (or the viscosity g M ) should be multiplied by d F =d, where d F is the thickness of the ferromagnetic layers, due to the partial filling of the structure with magnetic moments. Second, k should be replaced by the London penetration depth of a layered superconductor, k eff ¼ kðd=d S Þ 1=2 , where d S is the thickness of the superconducting layers. 
